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Abstract. In this paper, we construct a binary linear code connected with 
the Kloosterman sum for GL(2, q). Here q is a power of two. Then we obtain a 
recursive formula generating the power moments 2-dimensional Kloosterman 
sum, equivalently that generating the even power moments of Kloosterman 
sum in terms of the frequencies of weights in the code. This is done via 
Pless power moment identity and by utilizing the explicit expression of the 
Kloosterman sum for GL(2,q). 

Index terms - recursive formula, power moment, Kloosterman sum, 2- 
dimensional Kloosterman sum, general linear group, Pless power moment iden- 
tity, weight distribution. 



1. Introduction 

Let if} be a nontrivial additive character of the finite field V q with q = p r elements 
(p a prime), and let to be a positive integer. Then the m-dimensional Kloosterman 
sum K m (^p; q)(|10|) is defined by 

K m (ip;a) = ip(ai -\ h a m + aa^ 1 ■ ■ ■ a^ 1 ) (a e F*). 

atl,'" ,« m GF* 

In particular, if m — 1, then Ki(ip;a) is simply denoted by K(ip;a), and is called 
the Kloosterman sum. For this, we have the Weil bound(cf. [TU]) 

(1.1) \K(X;a)\<2^. 

The Kloosterman sum was introduced in 1926 ( 8 ) to give an estimate for the Fourier 
coefficients of modular forms. 

For each nonnegative integer h, we will denote the h-th moment of the m-dimensional 
Kloosterman sum K m (ip; a) by M K m (ip) h . Namely, it is given by 



MK„M) h = K„M;a) h . 

If tp = A is the canonical additive character of ¥ q , then MK m (\) h will be simply 
denoted by MK m . If further to = 1, for brevity MK\ will be indicated by MK h . 

Explicit computations on power moments of Kloosterman sums were begun with 
the paper [13j of Salie in 1931, where he showed, for any odd prime q, 

MK h = q 2 M h -i -{q- if- 1 + 2{-lf- 1 (h > I). 
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Here Mq = 0, and for h € Z>o, 

h h 



3=1 3=1 



For q — p odd prime, Salie obtained MK 1 , MK 2 , MK 3 , MK 4 in that same paper 
by determining Mi, M 2 , M 3 . 

From now on, let us assume that q = 2 r . Carlitz 1] evaluated MK h for h < 4. 
Moisio was able to find explicit expressions of MK h , for ft < 10 (cf. [12] ). This was 
done, via Pless power moment identity, by connecting moments of Kloosterman 
sums and the frequencies of weights in the binary Zetterberg code of length q + 1, 
which were known by the work of Schoof and Vlugt in [14j . 

Simple identities involving Kloosterman sums, multi-dimensional Kloosterman 
sums and powers of Kloosterman sums were used in [5] and [5] to construct binary 
linear codes associated with them. And then they were used to obtain recursive for- 
mulas generating power moments of Kloosterma sums, m-multiple power moments 
of Kloosterman sums and power moments of multi-dimensional Kloosterman sums. 

In this paper, along the line of the previous papers [5] and [6], we will utilize 
one simple identity connecting the Kloosterman sum for GL(2, q) and the ordinary 
Kloosterman sum(cf. (|2.3p ). Then we will be able to produce a recursive formula 
generating the power moments of 2-dimensional Kloosterman sums, equivalently 
that generating the even power moments of Kloosterman sums. To do that, we 
construct a binary linear code connected with the Kloosterman sum for GL(2, q). 

Theorem 11.11 of the following(cf. (|1.2|) - (|1.4[l ) is the main result of this paper. 
Henceforth, we agree that the binomial coefficient ( ) = 0, if a > b or a < 0. 

Theorem 1.1. Let q — 2 r . Then we have the following: 

(a) For r > 2, and h = 1, 2, • • • , 

MK' 2 l = E(-l) h+/+1 Q (q 3 -2q 2 -q+ l) h - l MK{ 
fl 2) ' = ° 

min{N,h} h , -., 

+ q 1 - h J] (-l) h+ ^E* L5 ( /l '*) 2 ^ 
3=0 t-j 

(b) Forr> 2, and h = 1, 2, • • • , 

h-l 



N-tr 



MK 2h = Y^{-l) h+l+1 ( f) (q 3 - 2q 2 + \f- l MK 2 



^ ' ; min{N,h} 



+ q 1 ~ h (-if +3 'CiXi' !s (' l > t ) 2 ' , " i 

3=0 t=j 



N~j 
N -t 



where N = \GL(2, q)\ = q(q — l)(q 2 — I), and {Cj}jL is the weight distribution of 
C(GL(2,q)) given by 

("> n n (:)«=»■-■»>■ 

V U / \t\<2^g, t=-l(4) K{\;p--L)=t V P/ 
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with the sum running over all the sets of nonnegative integers {f l g} J 3eF 9 satisfying 

^2 1/3 = j and ^2 = °> 

m =q{2q 2 -2q-l), 

and 

m t =q(q 2 -2q-l + t), 
for all integers t satisfying \t\ < 2^/q and t = —l(mod 4). 

In addition, S(h, t) is the Stirling number of the second kind given by 

(i.5) s(M) = ^£(-ir j f.y. 

2. Preliminaries 
Throughout this paper, the following notations will be used: 

q = 2 r (re Z >0 ), 
¥ q = the finite field with q elements, 

tr(x) — x + x 2 + ■ ■ ■ + x 2 the trace function ¥ q — > F2, 

X(x) — (— l)* r W the canonical additive character of ¥ q . 

Then any nontrivial additive character ip of ¥ q is given by ip{x) = X(ax), for a 
unique a G F*. 

For any nontrivial additive character ip of ¥ q and a € F* , the Kloosterman sum 
^Gift.g)^; ) f° r GL(t,q) is defined as 

K G L(t,q0;a)= ^2 ip{Trg + aTrg- 1 ). 

geGL(t.q) 

Observe that, for t = l,-K'Gi(i,g)(V') a ) denotes the Kloosterman sum K(ip; a). 

In U, it is shown that -f^GL(t,</)(V'; a ) satisfies the following recursive relation: 
for integers t > 2, a S F*, 

K G L(t,q)(^;a) = q t ~ 1 K GL{t _ 1 ^ ) (ip;a)K(i(;;a) 

+ q 2t - 2 (q t - 1 -l)K GL{t ^ q) (^,a), 

where we understand that K G L(Q^(ip;a) = 1- 

Theorem 2.1. ([5]) For the canonical additive character X of¥ q , and a G F*. 

(2.2) K 2 (X;a) = K(X;a) 2 -q. 

Our paper will be based on the t = 2 case of the identity in (|2.1|) . 
Proposition 2.2. For the canonical additive character X of¥ q , we have: 

(2.3) K GL{2 , q) (X; a) = qK(X; a) 2 + q 2 (q - 1) = qK 2 (X; a) + q 3 . 

Proposition 2.3. ([7J) For n — 2 s (s G Z>o), A i/ie canonical additive character 
of ¥ q , and a G F* ; 

(2.4) K(X;a n ) =K(X;a). 
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Remark 2.4. In fact, \2.$ holds more generally for multi- dimensional Klooster- 
man sums. For n = 2 s (s G Z>o), A the canonical additive character of¥ q , a G ¥*, 
and any positive integer m, 

(2.5) K m {\-a n ) = K m {\-a). 
The order of the general linear group GL(n, q) is given by 

n— 1 n 

(2.6) g n = JT (q n - q j ) = q® l[(q j - 1). 

J=0 j=l 

3. Construction of codes 

Let 

(3.1) N= \GL(2,q)\ =q(q-l)(q 2 -l). 

Here we will construct a binary linear code C of length N connected with the 
Kloosterman sum for GL(2,q). Let g±,- ■ ■ be a fixed ordering of the elements 
in GL(2, q), and let 

v= {Tr 9l +Tr gi -\ Trg N + Trg N ~ r ) G F^. 

The binary linear code C — C(GL(2, q))is defined as 

(3.2) C = {ue¥% | u-v = 0}. 
The following Delsarte's theorem is well-known. 
Theorem 3.1. ([11]) Let B be a linear code over¥ q . Then 

(B| Fa )- L =tr(B- L ). 
In view of this theorem, the dual C 1 - of C is given by 

(3.3) C X = {c(o) = (tr(a(Tr 9l + Tr 3 r 1 )), • • • , tr(a(Trg N + Trg N ~ 1 ))) \ a G F J. 
The following estimate is very coarse but will serve for our purpose. 

Lemma 3.2. For any a G F*, and ip any nontrivial additive character of¥ q , 

(3.4) \K GL{7hq) (i;;a)\ <\GL{n,q)\, for n > 2 and q > 4, 
and 

\K GL{1 , q) (iP;a)\ < \GL(l,q)\, forq>8. 
Proof. For n = 1, this is trivial, since 2 v /g < g — 1, for q > 8. For n = 2, from (|2.1|) 

(3.5) K GL{2 ^- a) = qK(i>; a) 2 + q 2 (q - 1), 
and hence from and (|3.5j) . for g > 4, 

(3.6) 1^(2,,)^; a) I < i 3 + 3g 2 < g(« - i)(g 2 - 1) = \GL(2, q)\. 
For n = 3, from ([27T]) . 

(3-7) tf G L( 3 ,,) W>l a) = 9 2 ^gl(2,„)(V'; a) W; a) + «V - 1 W; a), 
and hence from (jl.ip . (13. 6|) . and (|4.6p . for q > 4, 

1^(3^ < ^(q 2 - l)(2g- 1) < q 3 (q- l)(q 2 - l)(q 3 - 1) = \GL(3,q)\. 
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Assume now that n > 4 and that (|3.4|) holds for all integers less than n and greater 
than and equal to 2, for q > 4. Then, from (fTTTjl . (|2.ip . and fl2~6]) . and for g > 4, 

n— 1 n 

|K"gl(» )9 )GMI < Q®(q + 2y/q) ]J(q j " X ) < ^ LIV " X ) < l^(n,g)|. 

i=i 3=1 

□ 



Remark 3.3. It was shown in [3, Theorem 2] £/ia£, /or any nontrivial additive 
character tp of¥ q and a G F*, 

K GL ( rhq} (ip;a 2 ) = ^( a ( Tr 9 + Tr 9^ 1 )) 

g£GL(n,q) 



n r n 



3=0 



where uj, u> are complex numbers, depending on %p and a, with \cj\=\uj\=^/q. Thus 



\K GL{n ^a 2 )\< q ^Y. 



and, in particular, we get 



\K GL{2 , q) (^a 2 )\<q 2 J2 

3=0 



= g 2 (g + 3). 



Proposition 3.4. The map ¥ q — > C (a i— * c(a)) is an ¥2-linear isomorphism for 
q > 4. 

Proof. The map is clearly F2-linear and surjective. Let a be in the kernel of the 
map. Then tr(a(Trg + Trg- 1 )) = 0, for all g G GL(2,q). Suppose that a ± 0. 
Then, on the one hand, 

|GZ(2,g)| = (-l) tr W rr8+Tr "~ 1 » 

gdGL{2,q) 

= ]T H^Trg + Trg- 1 )) 

g£GL(2,q) 

= MTrg + a^rg- 1 ) (g-,a- 1 g) 



(3.8) 



g£GL(2,g) 

K G L(2, q )(^;a 2 ). 



As g > 4, (|3.8[) is on the other hand strictly less than \GL(2,q)\ by Lemma | 
This is a contradiction. So we must have a = 0. □ 

Remark 3.5. (a) If q = 2, one checks easily that the kernel of the map ¥2 — > C 
zs F 2 . 

(&) XTie /aci i/iai i/ie map «>i Proposition \3.4\ is injective follows also from il.l]) and 
13.11]) , since they imply that n((3) > 0, for all [3, provided that q > 4. 
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Proposition 3.6. ([7\) Let X be the canonical additive character of¥ q , m € Z>o, 
(3 e F g . Then 

aGF* 

= (qK m - 1 (\;l3- 1 ) + (-l) m + 1 , if (3 ± 0, 
\(-l) m+1 , if (3 = 0. 

with the convention Kq(\;(3~ 1 ) = \{(3~ l ). 

Let 

(3.10) n{(3) = \{g € GL(2,q)\Trg + Trg' 1 = f3}\. 

Then, with N as in (JO, 



Qm(j8) = N + K~ a 0) E Ha(Trg + Trg- 1 )) 

a£F* g£GL(2,q) 



= N+Y \(-af3)K GL(2 , q) (\;a 2 ) 

aGF* 

= N+ A(-a/3)(^ 2 (A;a 2 ) + g 3 )(c/.(l2D) 

aGF* 

= N + qJ2 K-uf3)K 2 {\: a 2 ) + q 3 ^ \(-a[3) 

aGF* aGF* 

= N + q J2 X(-a0)K 2 {X;a) + q 3 ^ A(-a/3).(c/.(|23 

aGF* aGF* 

Now, from Proposition 13. 61 we obtain the following. 
Proposition 3.7. Let n(/3) be as in iS.10)) . Then we have 

(3.11) (^-2,-1+^0), iff, *0, 

\q(2q 2 -2 q -l) 1 if 13 = 0. 



4. Power moments of 2-dimensional Kloosterman sums 

In this section, we will be able to find, via Pless power moment identity, a 
recursive formula for the power moments of 2-dimcnsional Kloosterman sums or 
equivalently for the even power moments of Kloosterman sums in terms of the 
frequencies of weights in C = C(GL(2, q)). 

Theorem 4.1. (Pless power moment identity): Let B be a g-ary [n,k] code, and 
let Bi (resp. Bj~) denote the number of codewords of weight i in B (resp. in B ). 
Then, for h = 0, 1, 2, • • • , 

n min{n,h} h 

(4.i) E (-lyB^tisfattf-tiq-i)*-* 

3=0 3=0 t=j 

where S(h, t) is the Stirling number of the second kind defined in (|1.5j) . 



(n-j\ 
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From now on, we will assume that q > A(i.e.,r > 2), so that every codeword in 
C(GL(2, q)) 1 - can be written as c(a), for a unique a <E F g (cf. Proposition [33]). This 
also allows one to use Theorem 14.51 

Lemma 4.2. Let c(a) = (tr(a(Tr gi + Trgr 1 )), - ■ ■ ,tr(a(Trg N + Trg^^ 1 ))) e 
C(GL(2, g))^, for a 6 F*. Then the Hamming weight w(c(a)) can be expressed as 
follows: 

(4.2) w(c(a)) = ±q(q 3 - 2q 2 + 1 - K(X; a) 2 ) 

(4.3) = ^q{q^-2q 2 -q + l-K 2 (\: i a)). 
Proof. 



,( c ( a )) = 1^(1 _ ( _ 1) tr(a(T rSl+ T I . 9 - 1 )) ) 
i=l 

= \{N- J2 HaiTrg + Trg- 1 ))) 

geGL(2,q) 

= l( N ~ E KTrg + a 2 Trg- 1 )) 



g£GL(2,q) 

= \{N-K GL ^ q) {\ ]a 2 )) 

= ~(N - qK{\- a) 2 - q 2 {q - 1)) (c/.& (H) 

= ±q(q 3 -2q 2 + l- K(X; a) 2 ) (cf.§3$) 

= l -q(q z - 2q 2 - q + 1 - K 2 (X; a)), (c/.g^)) 



□ 



Let u = (u\, • • • , mat) € F^, with v$ l's in the coordinate places where Trgj + 
Trgj^ 1 = (3, for each /3 € F 9 . Then we see from the definition of the code 
C(GL(2, g))(cf. (|3.2p ) that u is a codeword with weight j if and only if Ylper 9 U P = J 

and S/jgF, = ^(an identity in F g ). As there are II/3eF, ("i ) man y sucn code- 
words with weight j, we obtain the following result. 

Proposition 4.3. Let {Cj}jL be the weight distribution of C(GL(2,q)), where Cj 
denotes the frequency of the codewords with weight j in C . Then 

(«> <*-En(*2f 

where the sum runs over all the sets of nonnegative integers {vp}pgw q (0 < vp < 
«(/?)), satisfying 

(4.5) ^vp=j and 

E ^ = °- 

/3SF, /36F, 

Corollary 4.4. Let {Cj}|^ &e i/ie weight distribution of C(GL(2,q)). Then we 
have: Cj = Cjq-j, for all j , with < j < N . 



s 
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Proof. Under the replacements vp — > n(/3) — up, for each (3 £ ¥ q , the first equation 
in (|4.5|) is changed to N — j, while the second one in (|4.5|) and the summands in 
(|4.4p are left unchanged. Here the second sum in (|4.5|) is left unchanged, since 
S/3gf n (/3)/3 = 0, as one can see by using the explicit expression of n(/3) in (13 . 1 1 1) . 

□ 

Theorem 4.5. ([9]) Let 9 = 2 r , with r > 2. T/ien ifte range i? of K(X;a), as a 
varies overF*, is given by 

R={teZ\ \t\< 2y/q, t = -\{mod 4)}. 

In addition, each value t £ R is attained exactly H(t 2 — q) times, where H(d) is 
the Kronecker class number of d. 

Now, we get the following formula in (|4.6|) , by applying the formula in (|4.4p to 
C(GL(2, q)), using the explicit values of n{j3) in (|3. 1 If) and taking Theorem l4.5l into 
consideration. 

Theorem 4.6. Let {Cj}^ be the weight distribution of C(GL(2,q)). Then 

<«) ^ =£(:;) 11 11 

V U / \t\<2^q, t=-l(4)K(A;/3-i)=t V P/ 

where the sum is over all the sets of nonnegative integers {vp}/3e¥ q satisfying 
T,pew q V P = 3 and T,p e w q V PP = °> 

m Q =q{2q 2 -2q-l), 

and 

m t =q{q 2 - 2q - l + t), 
for all integers t satisfying \t\ < 2^fq and t = —l(mod 4). 

We now apply the Pless power moment identity in (|4.ip to C(GL{2, q)) 1 - , in order 
to obtain the results in Thcorem ll.il (cf. (|1.2|) - l|1.4)l ) about recursive formulas. 
Then the left hand side of that identity in ([4.1)1 is equal to 



(4.7) w «°)) h > 



ae¥' 



with the w(c(a)) given either by (|4.2|) or by 
Using the expression of w(c(a)) in (]4.3|) , ()4.7|) is 



[If ~2q 2 - q+1- K 2 {\;a)f 

h 



(4.8) =(§) h E EM)' u ) (?3 - 2q2 q + x ) h ~ lK ^ «) 
=(|) fc E(-i)' (fj (9 3 - v - ? + lr'M^. 

Equivalently, using the expression of w(c(a)) in (|4.2[) . (|4.7|) is 



2-DIMENSIONAL KLOOSTERMAN SUMS ASSOCIATED WITH GENERAL LINEAR GROUPS9 



(4.9) ( | f Q (q 3 - 2g 2 + l^-'MJT* 
On the other hand, the right hand side of the identity in f|4.1D is 

min{N,K\ h 

(4.10) q £ (-l)^C i ^t!S(/i,t)2- t 

i'=0 t=j 

Our main results in Theorem ll.il (cf. (|1.2|) - (|1.4|l ) now follow by equating (|4.8|) 
and (|4.10p . and (14. 9|) and (|4.10|) . Also, one has to separate the term corresponding 
to I = h in P~5]) and (|4T9"]l . and note dimw 2 C(GL(2, q)) = r. 

Note here that, in view of (|2.2[) , obtaining power moments of 2-dimensional 
Kloosterman sums is equivalent to getting even power moments of Kloosterman 
sums. 
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